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Abstract
We compute the expected number of cars that have at least one two-hop path to a fixed roadside
unit in a one-dimensional vehicular ad hoc network in which other cars can be used as relays to
reach a roadside unit when they do not have a reliable direct link. The pairwise channels between cars
experience Rayleigh fading in the random connection model, and so exist, with probability function
of the mutual distance between the cars, or between the cars and the roadside unit. We derive exact
equivalents for this expected number of cars when the car density ρ tends to zero and to infinity, and
determine its behaviour using an infinite oscillating power series in ρ, which is accurate for all regimes.
We also corroborate those findings to a realistic situation, using snapshots of actual traffic data. Finally,
a normal approximation is discussed for the probability mass function of the number of cars with a
two-hop connection to the origin. The probability mass function appears to be well fitted by a Gaussian
approximation with mean equal to the expected number of cars with two hops to the origin.
Index Terms
Vehicular networks, end-to-end connectivity, random connection model, stochastic geometry, syn-
thetic traces.
I. INTRODUCTION
In future motorways, the development of vehicular ad hoc networks (VANETs) which deliver
exceptional road safety and driving efficiency has sparked interdisciplinary research in both
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2computer vision and wireless communications. In the near future, vehicles will be equipped
with a variety of sensing technologies, including radars, 360◦ cameras, ultrasonic sensors, and
lidars. Computer vision algorithms will then fuse this information to classify road users (cars,
cyclists, pedestrians, etc.), predict their behaviour, adjust the speed of the car, and improve the
response of vehicles to critical events i.e. automatic braking, adjusting road position, etc.
Information exchange among vehicles therefore becomes indispensable. Local perception, for
example, can be limited under certain conditions. Consider also blind spots appearing in the
presence of dense traffic, shadowing due to buildings and vegetation, sensor impairments, weather
conditions, and/or the road layout, all limiting the success of the on-board sensors. There are
therefore ongoing standardization activities for collective perception (or cooperative sensing)
mechanisms, where the vehicles exchange not only their state (position, speed, acceleration) [1],
but also their perception of the environment [2]. As a result, the requirement for wireless com-
munication technologies to sustain reliable connectivity between the vehicles becomes essential.
A key element of the road infrastructure will be the Road Side Unit (RSU) with mounted
stationary sensors and wireless connectivity. It is expected that the roadside unit will receive
a variety of messages from multiple vehicles not necessarily connected to each other, obtain
object information from its own sensors, fuse the combined information and finally broadcast it
to the vehicles [2, Section 4.1.2]. In this scenario, it is important that the broadcast reaches as
many vehicles as possible, especially in case of emergency. A practical solution to achieve this
objective is to combine both Vehicle-to-Vehicle (V2V) and Vehicle-to-Infrastructure (V2I) com-
munications, establishing connections between the vehicles and the roadside unit in a multihop
fashion, seen ubiquitously in ad hoc networks.
Motivated by this emerging scenario, the objective of this article is to develop our under-
standing of the roadside unit’s multi-hop communication range i.e. who is within k-hops of the
roadside unit, in V2V and V2I communication, as a function of the traffic density ρ cars per
unit length of road. In this case, we adopt a protocol-and-interference-free approach, where the
vehicles are modeled as the vertices of a one-dimensional (1D) soft random geometric graph
[3]. The reason is that we aim to identify the fundamental limits of multi-hop communication
in VANETs, in particular, the simplest case, two-hop connectivity, between the vehicles and
the roadside unit. Incorporating the impact of interference and multiple access into multihop
connectivity will only degrade the performance, and hence, our results can be regarded as an
upper performance bound.
3Multihop connectivity occurs when the network’s diameter is bounded [4], i.e the longest
shortest path in the network is below a certain threshold. We instead study the number of cars
in a random geometric vehicular network built on a quasi-1D line (i.e. a single lane highway)
within k hops to a single, fixed roadside unit, for k = 2, denoted as N2.
The main technical contributions of our work are summarized as follows.
• We derive the following infinite series expression for N2 in terms of ρ for E[N2], i.e.
E[N2] =
√
2piρ
∞∑
k=1
(−1)k−1
(
ρ
√
pi/2
)k
k!
√
k
.
• We study the asymptotics of the E[N2] as the car density approaches infinity and zero.
Namely, in Theorem 1, we show that the expected number of cars within two hops to a
single, fixed roadside unit asymptotically grows as
E[N2] ' 2ρ
√
log
(
ρ
√
pi/2
)
as ρ→∞.
• We compare these analytic predictions to snapshots of real traffic, showing how variation
in the underlying stationary Poisson Point Process (PPP) model of the cars does not affect
the results, and observe a normal approximation property for N2.
This paper is structured as follows. In Section II, we present a literature review of the related
works. In Section III, we set up and discuss our VANET system model using the random
connection model. In Section IV, we state Theorem 1, and provide its proof. In Section V, we
corroborate our scaling laws with experimental evidence provided from actual traffic data, in
relation with normal approximation. Finally, we conclude our work in Section VI.
II. RELATED WORK
The performance evaluation of VANETs using point processes, line processes and stochastic
geometry has gained increasing attention in the literature. These tools offer a framework for
studying the impact of various parameters onto the network performance, with relatively low
computational complexity. For example, the study in [5] models the locations of vehicles by a
Cox point process, and highlights the conflicting impact of the intensities of streets and vehicles
on the probability of outage at the typical receiver.
In urban settings, the Manhattan Poisson line process has been used to model grid-like
road networks [6], [7], while the Poisson line process is pertinent to streets with random
4orientations [5], [8]. In most studies, the distribution of vehicles along each street is assumed to
follow a 1D PPP (Poisson point process), giving rise to the Cox point process for the distribution
of vehicles in the plane [9], [10]. The above studies have highlighted that near road intersections,
the receiver performance degrades, because over there, there is dominant interference from
multiple streets.
The performance evaluation studies of motorway VANETs have utilized much simpler spatial
models than the Cox process, mainly due to tractability. Super-imposing straight lines, parallel
to each other, is sufficient to model multi-lane motorways with unidirectional traffic flows. This
simplification has allowed researchers to incorporate the effect of IEEE 802.11p instead of
ALOHA into the performance assessment of VANETs [11], [12]. Furthermore, realistic point
processes which introduce correlations in the locations of vehicles along a lane not captured by
the PPP, but present in realistic road traffic, have been investigated [13]–[15].
The studies in [11], [12] have suggested the use of modified Mate´rn processes to model
the impact of IEEE 802.11p on the locations of concurrent interferers. The study in [11] has
also compared a variety of packet forwarding schemes in the performance evaluation of multi-
hop VANETs. The study in [12] has incorporated queueing theory into the spatial model in an
attempt to understand the impact of non-saturated data traffic on the outage probability. Finally,
the studies in [13]–[15], have suggested a hardcore distance amendment to the PPP, for the
distribution of vehicles along a lane. It is shown, that the hardcore distance can significantly
improve the predictions for the distribution of outage probability along the motorway (meta-
distribution of the signal-to-interference ratio), and this remark has also been justified using
real-world vehicular traces from [16], [17]. All the studies discussed above have considered the
effect of both interference and fading on the performance assessment.
In this paper, we focus on a topic in communication theory known as the random connection
model. This incorporates any point process, modeling the positions of cars, moving or otherwise,
as well as any probabilistic law which governs the connectivity. In spatial networks, there is
a current theme of studying the relation between graph distance (hop distance), and Euclidean
distance [18] i.e. how the geometric embedding of the nodes relates to the hop-statistics between
the cars. This is particularly important in the mobile ad hoc network (MANET) and VANET
settings. For a comprehensive review of all work in this area, see Mao’s recent monograph [19],
as well as the early work of Chandler et al. [20], and later Ta et al. [21], and Mao et al. [22].
Two recent major works deal with the random connection model in the V2V and V2I set-
5ting [23], [24]. Ng et al. in [23] present analysis and analytic formulas for the two-hop connec-
tivity probability, which gives the probability that all vehicles in a VANET are within two hops,
given vehicles connect pairwise with probability p. This is developed to the general case of an
arbitrary number of hops of the roadside by Zhang et al. [24]. The study in [25] calculates the
probability that a node in a 1D PPP has a two-hop path to the origin. However, the distribution
of the number of nodes with a two-hop path is not treated therein, neither asymptotic equivalents
for ultra-dense and sparse networks are derived, as we will do in this paper. Finally, in [26], [27]
the moments of the number of k-hop paths to the origin in a 2D random connection model are
computed, which is a different metric as compared to that studied in the present paper, where
the moments of the number of nodes in the graph with a k-hop path to the origin are calculated.
Note that a node may have more than one k-hop path, e.g., more than one relay node to the
origin in the case of two-hop paths.
Fig. 1. Illustration of the infrastructure-based VANET model with multi-hop connectivity.
III. SYSTEM MODEL
In summary, we consider
• A connection function H(x− y) = P(x↔ y) ∈ [0, 1] which gives the probability that two
nodes x, y ∈ R at distance r = |x− y| in the graph have a link, resembling the long-term
proportion of the time that a Rayleigh fading channel is in coverage [28].
• A random connection model, which is a random geometric graph GH(X ) built on a station-
ary, homogeneous PPP X with flat intensity ρ > 0 on an interval V ⊂ R centered at the
origin. The graph GH(X ) is built on long-range links (known in physics as soft connectivity
[29]) with a “Rayleigh fading” connection function H(r) = exp(−r2), and contains a point
added at the location u ∈ R, representing the roadside unit.
6This resembles 1D continuum percolation, or a fluid of particles in the so-called “Potts
fluid” [30], [31], but with soft inter-particle potential, see Fig. 1. Let P denote the transmit
power level, common for all vehicles. Given a link formed over a distance r and letting h
denote the amplitude of the Rayleigh fading channel, g(r) the distance-based path loss, Υ the
threshold information-theoretic decoding rate at the receiver, and N0 the noise power level, the
connection probability Pc of the link can be expressed as the following probability
Pc = P
[
log2
(
1 +
P g (r)
N0
|h|2
)
> Υ
]
. (1)
The distance-based path-loss function g (r) = Cr−η depends on some positive path loss
attenuation constant C<1 and the path loss exponent η>0. Rearranging Eq. (1), we have, with
the following constant β := N0
(
2Υ − 1) / (P C), a function of the rate Υ which when increased
will decrease the typical length of links, that P(|h|2 > βrη), and since |h|2 is exponentially
distributed with a unit mean, we have
Pc = exp(−βrη).
Therefore, the success probability of any V2V or V2I communication link can be modelled
by a stretched exponential function of the link distance r,
H(r) = exp(−βrη)
for some β > 0. In the next section, we take β = 1 and focus on the case with η = 2 which
captures free space path loss [28], [29], [32]. Additionally, the main notations used in the paper
are listed in Table I.
7TABLE I
TABLE OF NOTATIONS
Notations Definition
' Asymptotically equivalent to, i.e. f(ρ)/g(ρ)→ 1 as ρ→∞.
∼ Distributed as
→ Limit
← [7→ Has a two-hop path to
↔ Connects to
N1(x, u) Count of two-hop paths between nodes at x and u
E[·] Expectation under a Poisson point process with density ρ > 0
P(·) Probability that an event occurs
1(·) Indicator function
| · | Absolute value
e Euler’s number
N2 The number of vehicles within two hops of the roadside unit
P Transmit power of the vehicles
Υ Communication rate threshold
η Path-loss exponent
ρ Density of vehicles
V Interval of R containing the vehicles
X A PPP representing the distribution of the vehicles on V
Finally, it is noted that to have a two-hop path, the signal-to-noise ratio (SNR) for both hops
must be higher than or equal to the threshold Υ. From this perspective, a decode-and-forward
relay is essentially assumed here.
Slivnyak-Mecke formula: We close this section with the statement of the Slivnyak-Mecke
formula, which will be used throughout the paper. It is an extension of Campbell’s formula to
sum over tuples of a point process. Often, and throughout this paper, we sum indicator functions
over tuples of nodes of a point process, and evaluate the typical value of the sum over all graphs.
We might, for example, sum an indicator function over singletons (i.e. 1-tuples of nodes) of the
point process, which gives isolation. Then, this sum would give the number of isolated nodes,
and the expected value of the sum the expected number of isolated nodes. We refer the reader
to e.g. [3, Lemma 2.3] for the following lemma.
Lemma 1 (Slivnyak-Mecke Formula). Let n ≥ 1. For any measurable real-valued function g
defined on the product of V n×G, where G is the space of all graphs in V , the following relation
8holds:
E
[ 6=∑
X1,...,Xn∈X
g(X1, . . . , Xn, GH(X \ {X1, . . . , Xn}))
]
= ρnE
[∫
V
· · ·
∫
V
g (x1, . . . , xn, GH(X )) dx1 · · · dxn
]
, (2)
where X is a Poisson point process with intensity ρ > 0 on V , and ∑ 6= means the sum over all
ordered t-tuples of distinct points in X .
IV. RESULTS
This section presents the main technical results of our work. We start by introducing the
preliminaries and then address the problem of determining the statistics of the number of vehicles
on the road within two-hop range of a roadside unit in the system described in Section III.
A. Two-hop connectivity
In the sequel, we let
N1(x, u) :=
∑
z∈X
1 (x↔ z ↔ u)
denote the number of distinct two-hop paths between vertices at x and u in V . The following
lemma will be used throughout the remainder of the article.
Lemma 1. The number N1(x, u) of two hop paths between two given vertices x, u ∈ V has a
Poisson distribution.
Proof. A proof of this result can be found in [27, Section 2] by computing the moments of
N1(x, u) using the Slivnyak-Mecke formula and non-flat partitions. Other proofs can be provided,
e.g. by constructing GH(X ) as another Poisson point process obtained by thinning X with
probability H(x, y)H(y, u) at every vertex y ∈ V . Here, we will use a combinatorial argument
to better understand why the moments of N1(x, u) match those of a Poisson distribution. Consider
for instance the second moment.
Eρ
[
(N1(x, u))
2
]
= Eρ
(∑
z∈X
1 (x↔ z ↔ u)
)2 (3)
= Eρ
[ ∑
z1,z2∈X
1 (x↔ z1 ↔ u)1 (x↔ z2 ↔ u)
]
. (4)
9The pairs of paths in the above sum are either two different paths, or a path paired with
itself. The pair which is of different paths, via a graph union of those paths, forms a diamond
topology, i.e. a pair of two-hop paths united at their extremes, and they can be averaged by the
Slivnyak-Mecke formula Eq. (2) as
E
 ∑
z1,z2∈X
z1 6=z2
1 (x↔ z1 ↔ u)1 (x↔ z2 ↔ u)

= ρ2
∫
V 2
E [1 (x↔ z1 ↔ u)1 (x↔ z2 ↔ u)] dz1dz2. (5)
Adding the self-pairs yields the second moment
E
[
N1(x, u)
2
]
= ρ2
∫
V 2
E [1 (x↔ z1 ↔ u)1 (x↔ z2 ↔ u)] dz1dz2︸ ︷︷ ︸
Two-hop paths which do not intersect
+ ρ
∫
V
E [1 (x↔ z ↔ u)] dz︸ ︷︷ ︸
Self-pairs
=
(
E[N1(x, u)]
)2
+ E[N1(x, u)]. (6)
and, similarly, the third moment
E
[(
N1(x, u)
)3]
= ρ3
∫
V 3
E [1 (x↔ z1 ↔ u)1 (x↔ z2 ↔ u)1 (x↔ z3 ↔ u)] dz1dz2dz3︸ ︷︷ ︸
Triples of two-hop paths which do not intersect
+ 3 ρ2
∫
V 2
E [1 (x↔ z1 ↔ u)1 (x↔ z2 ↔ u)] dz1dz2︸ ︷︷ ︸
Triples of two-hop paths of which a pair intersect
+ ρ
∫
V
E [1 (x↔ z ↔ u)] dz︸ ︷︷ ︸
Self-triples
=
(
E[N1(x, u)]
)3
+ 3
(
E[N1(x, u)]
)2
+ E[N1(x, u)]. (7)
In other words, the expected number of ordered k-tuples of two-hop paths is given by the mean
number of two-hop paths to the kth power, which corresponds to a Poisson factorial moment. The
reason is that the every integral of order k has an integrand which can be factorized, resulting
into a product of integrals, each of which is the mean, as one can see in Eqs. (5), (6) and (7)
above. More generally, the moments of N1(x, u) are given by
E
[(
N1(x, u)
)n]
=
n∑
k=1
S(n, k)
(
E[N1(x, u)]
)k
, n ≥ 1,
where S(n, k) is the Stirling number of the second kind, i.e. the number of ways to partition a set
of n objects into k non-empty and disjoint subsets, see [27, Section 4]. As such, the moments of
the two-hop path count N1(x, u) are those of the Poisson distribution with mean E[N1(x, u)]
10
Next, we compute the mean number of two hop paths which join two vertices of the graph,
starting with the case of a finite interval of width |V | < ∞, which will later become the real
line R.
Proposition IV.1. [Two-hop connectivity in finite length]. When |V | < ∞, the probability of
existence of at least one two-hop path between x, u ∈ V is given by
P(x←[7→ u) = 1− exp(−ρ
2
√
pi
2
e−(x−u)
2/2
(
erf
( |V | − (x− u)√
2
)
+ erf
( |V |+ x− u√
2
)))
(8)
where erf (x)=(2/
√
pi)
∫ x
0
e−t
2
dt is the error function.
Proof. The mean of N1(x, u) is given by by Campbell’s theorem for point processes as
E[N1(x, u)] = ρ
∫
V
E [1 (x↔ z ↔ u)] dz
= ρ
∫
V
H(x, z)H(z, u)dz
= ρ
∫ |V |/2
−|V |/2
e−(x−z)
2−(z−u)2dz
=
ρ
2
√
pi
2
e−(x−u)
2/2
(
erf
( |V | − (x− u)√
2
)
+ erf
( |V |+ x− u√
2
))
.
We conclude from Lemma 1, by noting that the probability that at least one two-hop path exists
between x and u in V is given by the complement of the void probability of a Poisson variate,
as
P(x←[7→ u) = 1− P(N1(x, u) = 0) = 1− exp (−E[N1(x, u)]) . (9)
Corollary IV.2 below, which treats the infinite length case V = R, can be obtained from
Proposition IV.1 by letting |V | tend to infinity in (8), or from Lemma 1.
Corollary IV.2. [Two-hop connectivity in infinite length]. When V = R, the probability of
existence of at least one two-hop path between x and u in R is given by
P(x←[7→ u) = 1− exp(−ρ√pi
2
e−(x−u)
2/2
)
.
11
Proof. Here, we have
E[N1(x, u)] = ρ
∫ ∞
−∞
E [1 (x↔ z ↔ u)] dz
= ρ
∫ ∞
−∞
H(x, z)H(z, u)dz
= ρ
∫ ∞
−∞
e−(x−z)
2−(z−u)2dz
= ρ
√
pi
2
e−(x−u)
2/2,
and we can conclude by (9) and Lemma 1 as in the proof of Proposition IV.1.
B. Main result
In this section, we apply Corollary IV.2 to analyze the mean number of vertices with two-hop
connectivity to the roadside unit.
Theorem 1. [Mean number of vehicles with two-hop connectivity to the roadside unit under
Rayleigh fading]. Let N2 be the number of vertices with two-hop connectivity to the roadside
unit in a specific realisation of GH(X ), defined in Section III.
i) The mean number E[N2] of N2 of vertices with at least one two-hop path to the roadside
unit is given by
E[N2] = ρ
∫ ∞
−∞
(
1− exp (− ρ√pi/2e−(x−u)2/2))dx
= ρ
√
2pi
∞∑
k=1
(−1)k−1
(
ρ
√
pi/2
)k
k!
√
k
. (10)
ii) In addition, we have the exact equivalents
E[N2] ' 2ρ
√
2 ln ρ+ 2 ln
√
pi/2, [ρ→∞], (11)
as ρ tends to infinity, and
E[N2] ' piρ2, [ρ→ 0], (12)
as ρ tends to zero.
Proof. (i) We represent the number N2 of vertices in GH(X ) which have graph distance to the
point at u ∈ R of two hops or less as the sum
N2 =
∑
x∈X
1 (x← [7→ u) .
12
With an expected density of ρ points per unit of length we find, via the Slivnyak-Mecke formula
of Lemma 1 and Corollary IV.2, that the expected value of this number is given by
E[N2] = E
[∑
x∈X
1 (x←[7→ u)]
= ρ
∫ ∞
−∞
E [1 (x←[7→ u)] dx
= ρ
∫ ∞
−∞
P(x←[7→ u)dx
= ρ
∫ ∞
−∞
(
1− exp (− ρ√pi/2e−x2/2))dx
= ρf(ρ
√
pi/2),
where
f(α) :=
∫ ∞
−∞
(
1− exp (− αe−x2/2))dx, α > 0.
The above integral can be expanded in a Taylor series about ρ = 0 and integrated term by
term to obtain the infinite oscillating sum
f(α) = −
∫ ∞
−∞
∞∑
k=1
(−α)k
k!
e−kx
2/2dx = −
√
2pi
∞∑
k=1
(−α)k
k!
√
k
,
which proves Eq. (10).
(ii) Next, we derive the asymptotics (11) as ρ→∞. By change of variable, we have
f (α) = 2
√
2 logα
∫ ∞
0
(
1− exp (−α1−x2))dx
= 2
√
2 logα
∫ 1
0
(
1− exp (−α1−x2))dx+
2
√
2 logα
∫ ∞
1
(
1− exp (−α1−x2))dx, α ≥ 1. (13)
Using the bound 0 ≤ 1 − e−α1−x2 ≤ eα1−x2 , which is valid as 0 ≤ α1−x2 ≤ 1 when x ≥ 1
and α ≥ 1, we have
0 ≤
∫ ∞
1
(
1− e−α1−x2)dx ≤ αe ∫ ∞
1
α−x
2
dx
≤ αe
∫ ∞
1
xe−x
2 logαdx =
e
2 logα
, α ≥ 1.
Furthermore, by the limit limα→∞ α1−x
2
= +∞, x ∈ [0, 1), and dominated convergence, the
first integral in Eq. (13) satisfies
lim
α→∞
∫ 1
0
(
1− e−α1−x2)dx = 1.
13
From the inequalities∫ 1
0
(
1− exp (−α1−x2))dx ≤ ∫ ∞
0
(
1− exp (−α1−x2))dx
≤
∫ 1
0
(
1− exp (−α1−x2))dx+
e
2 logα
,
we conclude to
f(α) ' 2
√
2 logα, [α→∞].
The equivalent (12) as α tends to zero follows by truncation of Eq. (10).
Theorem 1 is validated against simulations in Fig. 2 with 10 000 independent graph realizations
of the 1D random connection model, where the mean degree µd of GH(X ), given by
µd = ρ
∫ ∞
−∞
P(x↔ 0)dx
= ρ
∫ ∞
−∞
H(r)dr
= ρ
∫ ∞
−∞
e−r
2
dr
= ρ
√
pi,
(14)
goes to infinity as ρ→∞.
In addition, we see in Fig. 2 that the asymptotic expression in Eq. (11) remains very accurate
also for realistic values of ρ. In Fig. 3 (right subfigure), we illustrate that the probability of a
two-hop path, see Eq. (9), for ρ→∞ will remain close to unity for small distances x from the
roadside unit, and it will sharply jump from unity to zero.
In Fig. 4 we observe that as the expected vertex degree µd in Eq. (14) tends to infinity, the
Cumulative Distribution Function (CDF) of N2 converges to that of the normal distribution, after
rescaling, i.e.
P
(
N2 − E[N2]√
Var[N2]
≤ x
)
' Φ(x), x ∈ R, (15)
as ρ tends to infinity, with Φ the CDF of the standard normal distribution. Observing normal
approximation is common in the case of independent trials. Here, the events “a node v has a
two-hop path to the roadside unit”, for each v ∈ X , are dependent, nevertheless, the dependency
is sufficiently short range to lead to a Gaussian distribution in the dense limit of Eq. (14).
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Fig. 2. The mean number of vehicles with a two-hop path to the origin, Eq. (10), compared against Monte Carlo. 20 000
simulation runs. We simulate over a line segment X ⊂ [−L,L], where L=
√
2 log(−ρ√pi/2/ log(1− )), and the constant
1 is positive, =10−8 in our simulations. Note that the vehicles at distances larger than L from the origin have a two-hop
connection with probability less than , see Eq. (9), and thus they do not contribute essentially to the value of N2. For large
values of ρ many terms in Eq. (10) contribute to the sum, and the oscillating series may start to diverge due to precision
errors. For ρ > 20 we have truncated the series in Eq. (10) at the 250-th term, and we have used high precision arithmetics
in Mathematica at the 50-th digit. The asymptotic approximation for ρ → ∞ in Eq. (11) behaves well over the full range of
intensities, while the approximation for ρ→ 0 is accurate only for very sparse networks. The simulated variance of the number
of two-hop paths is depicted too.
Fig. 3. The existence of a path to the RSU: 1-hop i.e. a direct link with probability H(r) = e−r
2
(left panel) in terms of the
path loss exponent η, and 2-hop (right subfigure), as a function of the distance between the node and the RSU, taking η = 2,
see Eq. (9).
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Fig. 4. Counts of nodes with two-hop connectivity to the point at 0, for various PPP densities ρ cars per typical
connection range. Even for relatively low densities, a Gaussian distribution is present. We take X ⊂ [−10, 10],
using ρ points per unit length, and the connection function H(r) = exp(−r2). The mean node degree is ρ√pi.
V. VALIDATION WITH SYNTHETIC TRACES
Next, we assess the validity of the Poissonian assumption for the distribution of vehicles along
a motorway. Using synthetic traces generated based on traffic data collected on the motorway
M40 outside Madrid, Spain [16], [17], we simulate the distribution, fNˆ2 , of the number of
vehicles with at least one two-hop link to the origin, and compare this distribution (also referred
to as the empirical distribution) to a Gaussian with mean equal to the parameter calculated in
Eq. (10). Overall, the spatial distribution of vehicles, at a snapshot of time, along a motorway,
is not exactly Poisson. Therefore we quantify the sensitivity of the mean E[N2], in Eq. (10), to
small perturbations to the deployment model.
According to [16], [17], magnetic induction loops under the concrete layer of the motorway
are used to measure the average intensity and speed of vehicles separately, for each of the three
lanes (uni-directional traffic flow). The measurements took place on different days and times
in May 2010, covering heterogeneous traffic conditions during weekdays, weekends, the busy
hour, and off-peak. The collected parameters are used to calibrate a micro-mobility simulator,
whose output is 1800 consecutive snapshots of a 10-km segment on a three-lane motorway.
Thanks to [16], [17], these snapshots are publicly available. The associated data files contain
the horizontal location and occupied lane for all the vehicles over the 1800 snapshots. The time
granularity is set to one second, so the total simulation time was half an hour, i.e., 8:30 a.m. -
9:00 a.m. for the busy hour, see [16, Section III-A].
We first generate the empirical distribution, fNˆ2 , for a snapshot of vehicles taken during the
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busy hour. Firstly, we project all vehicles in the snapshot onto a single line. It is noted that this,
apparently, does not introduce any error, perhaps because the communication range is expected
to be much larger than the inter-lane distance separation, which has been taken as equal to 3m
in [16], [17].
We then construct the empirical CDF of headway distances using linear interpolation between
the points of the CDF. In each simulation run, we generate uniform random numbers in the
interval [0, 1], and we map them to the numerically inverted CDF. This is known as inversion
sampling. We do so until we cover a line segment of 10 km with vehicles. The set of vehicles
is denoted by X , and the origin is located in the middle of the segment at 5 km. Next, for
each vehicle x∈X , we generate a random number uniformly in [0, 1]. After comparing it with
the value of the connection function e−βr2 , where r is the distance between the vehicle and the
origin, we can identify the set of vehicles X1, which have a single-hop link to the origin. Then,
we search over the vehicles x∈X\X1 and separate those with a single-hop link to, at least, one
of the vehicles in X1. They become the elements of the set X2, which consists of the vehicles
with a two-hop path to the origin. To complete the set X2 we need to add to it the elements of
the set X1 which also have a two-hop connection to the roadside unit. Finally, the cardinality
of the set X2 is computed and stored for each simulation run. The simulated probability mass
function (PMF), fNˆ2 , along with the Gaussian approximation are depicted in Fig. 5. Although
the empirical CDF of inter-vehicle distances is not exactly exponential, see the inset in Fig. 5,
Eq. (10) can approximate very well the mean number of vehicles with a two-hop link to the
origin. In addition, the Gaussian approximation appears to fit very well the PMFs, validating
Eq. (15).
Thus far, we have utilized just a single snapshot of vehicles in simulating the statistics of the
number of two-hop paths to the origin. This may not be representative of the traffic conditions
during the busy hour. Therefore, we also simulate the distribution fNˆ2 over multiple snapshots.
During network planning, it is expected that we monitor the motorway traffic for some time
while estimating the average intensity of vehicles, and we finally apply Eq. (10) to predict the
mean number of vehicles with a two-hop connection to the roadside unit. In our simulations,
we will actually use the last 1200 out of the total 1800 snapshots, in order to allow the first
vehicles entering the roadway to reach the exit. This is to ensure that for all considered snapshots
there are enough vehicles along the highway, hence, we can accurately simulate the statistics of
connectivity. Since the considered snapshots cover a time interval of 20 mins, there are slight
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Fig. 5. The empirical PMF, fNˆ2 , (blue bars), of the number of vehicles with a two-hop connection to the origin for the 1000−th
snapshot of the vehicles during the busy-hour. 20 000 simulation runs per PMF. The two PMFs correspond to mean degrees,
ρˆ
√
pi/β, equal to 10 and 25. The intensity, ρˆ ≈ 0.0604m−1, has been estimated as being equal to the inverse of the mean
headway distance calculated from the snapshot, which is also the maximum likelihood estimate for the intensity of a PPP. Note
that given the snapshot, the mean degree can be varied by changing the parameter β of the connection function e−βr
2
yielding
β≈1.146× 10−4 and β≈1.834× 10−5 for mean degrees 10 and 25 respectively. The simulated mean values of the number of
two-hop paths, E[Nˆ2], are 24.82 vehicles for mean degree equal to 10 and 73.63 vehicles for mean degree equal to 25. Eq. (10)
yields 24.60 and 72.90 for the expected number of vehicles E[N2] respectively. The Gaussian approximation with mean equal
to E[N2] and variance obtained by the simulations is depicted in the red dashed lines. In the inset, we illustrate the empirical
CDF of headway distances (black solid line) along with its exponential approximation (red dashed line).
variations in the intensity of vehicles during this time, see the solid line in the inset of Fig. 6.
On the other hand, the model in Eq. (10) requires a single value for the intensity ρ. We
will utilize the average estimated intensity over all considered snapshots, see the dashed line
in the inset. The results are depicted in Fig. 6. Eq. (10) is still a very good estimate of the
simulated mean number of vehicles with a two-hop path to the origin. Also, the quality of the
Gaussian fit remains good, even though the actual deployment of vehicles does not follow a
PPP, and in addition to that, the intensity of vehicles varies with respect to time. In Fig. 7,
the same study is repeated during off-peak, i.e., 11:40 a.m. - 12:00 p.m., see [16, Section III-
A]. The average intensity of vehicles becomes lower than that during the busy hour, but the
approximation accuracy of our model is still very satisfactory.
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Fig. 6. The empirical PMF, fNˆ2 , (blue bars), of the number of vehicles with a two-hop connection to the origin averaged
over 1200 snapshots during the busy hour. For each snapshot we have generated 100 independent spatial configurations of
vehicles by sampling its empirical CDF of inter-vehicle distances. Two values for the parameter β are considered: β=5× 10−5
and β = 10−5. The simulated mean values for the number of vehicles with a two-hop path to the RSU is 39.51 and 100.60
respectively. The estimated intensity ρˆ for each snapshot is depicted in the inset. In Eq. (10), we have used the mean intensity
averaged over all the considered snapshots yielding ρˆ= 0.0585 m−1, see the dashed line in the inset. After substituting ρˆ into
Eq. (10), we obtain 39.12 and 99.60 for the expected number of vehicles E[N2] respectively with a two-hop connection to the
RSU. The red dashed line corresponds to the Gaussian approximation for the distribution of N2 using mean equal to E[N2] and
variance obtained by the simulations.
VI. CONCLUSION
Motivated by V2I communications in a VANET topology, we investigate the notion of k-hop
connectivity to a fixed roadside unit, specifically, in the random connection model on a 1D PPP
with connection function H(r) = exp(−r2), and with k = 2. We know the paths are Poisson
in number between a car and the roadside, so using the void probability, calculate the existence
probability, which is integrated over the road domain to give the typical number of cars N2 with
at least one two-hop path to the origin. This is then expanded in a power series to provide an
infinite oscillating series expression for N2, which, truncated to the first term, shows that the
two hop connectivity grows quadratically with traffic density, when the traffic is low.
We then perform integral asymptotics to derive that N2 is asymptotically equivalent to
N2 '
√
2ρ
√
ln ρ+ ln
√
pi/2. (16)
Finally, we present comparison with both Monte Carlo simulations, corroborating these for-
mulas, and with a random model based on traffic data in Madrid. The Madrid data confirms that
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Fig. 7. The empirical PMF, fNˆ2 , (blue bars), and the Gaussian approximation (red dashed lines) for the distribution of the
number of vehicles with a two-hop connection to the origin averaged over 1200 snapshots during off-peak. See also the caption
of Fig. 6 for the related explanation.
the typical number of vehicles in two-hop range of a roadside unit is an accurate representation
of an interference-free network of moving cars, at a random instance of time, and further, that
a Gaussian central limit theorem is also present.
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